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Abstract: We extend the definition of the star product introduced by Lunin and 
Maldacena to study marginal deformations of M = 4 SYM. The essential difference 
from the latter is that instead of considering £7(1) x U(l) non-R-symmetry, with 
charges in a corresponding diagonal matrix, we consider two Z3-symmetries followed 
by an SU (3) transformation, with resulting off-diagonal elements. From this pro- 
cedure we obtain a more general Leigh-Strassler deformation, including cubic terms 
with the same index, for specific values of the coupling constants. We argue that 
the conformal property of M = 4 SYM is preserved, in both /3- (one-parameter) and 
7i-deformed (three-parameters) theories, since the deformation for each amplitude 
can be extracted in a prefactor. We also conclude that the obtained amplitudes 
should follow the iterative structure of MHV amplitudes found by Bern, Dixon and 
Smirnov. 
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1. Introduction 

The exactly marginal deformations of A/" = 4 supersymmetric Yang-Mills (SYM) 
preserving M = 1 supersymmetry, systematically investigated by Leigh and Strassler 
in have been studied extensively since the finding, by Lunin and Maldacena 
in f2j, of the supergravity dual of the so-called /3-deformed 1 Af = 4 SYM theory. 
Marginal deformations provide an interesting opportunity to study the AdS/CFT- 
correspondence in new supergravity backgrounds. 

1 By /3-deformation we mean a one-parameter complex deformation (3 = /3r + i(3c- With a 7,- 
deformed theory we mean a theory containing three complex parameters 71, 72 and 73. In the 
literature, a 7-deformed theory sometimes means deformations by the real part of (3 which is called 
(3r in the present work. 
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The perturbative behaviour of the /3-deformed theory shares many features of the 
undeformed theory |, g g [|. In @ it was found that maximally helicity violating 
(MHV) planar amplitudes in M = 4 SYM have an iterative structure for all n-point 
amplitudes. These results were then transferred to the /3-deformed theory in by 
placing the deformation into the so-called star product. The use of the star product, 
which was first introduced in this context in 0, to study marginal deformations 
is especially convenient when calculating amplitudes, since the dependence of the 
deformation can be isolated into an overall prefactor. 

The main purpose of this article is to show that it is possible to obtain the 
general Leigh-Strassler deformation 2 , including cubic terms with all indices equal 
the same value, from the star product. In section we discuss the necessary con- 
ditions for conformal deformations of Af = 4 SYM. In Section ^ we consider two 
global Z 3 -symmetries, in order to solve an eigenvalue system with eigenvectors as a 
linear combination of the three chiral superfields $j. The two systems are related 
by an element of SU(3) which is also a symmetry of the M = 4 SYM Lagrangian 
written in terms of M = 1 superfields. We continue to define the star product for 
Z 3 x Z 3 -symmetry charges, containing three deformation parameters ji. The (3- 
deformed theory is obtained by putting all parameters equal. In the the diagonal 
system the star product is easily evaluated. We calculate the superpotential, with 
ordinary multiplication replaced by the star product, in the (3- and 7i-deformed the- 
ories. The result is the general Leigh-Strassler deformed superpotential, including 
the terms of the form Tr<£>?. In section |] we compute the starproduct of two chrial 
superfields which are simple in the /3-deformed case. In appendix [FJ we present the 
the results in the 7;-deformed theory. In section || we study the tree-level ampli- 
tudes corresponding to terms in the classical Lagrangian. In the /3-deformed theory 
we find the expected 4-point scalar interaction terms for a Leigh-Strassler deformed 
theory. However, in the 7j-deformed case we obtain component terms of the form 
Tr i.e with three identical indices, which are not normally considered in a 

Leigh-Strassler deformed theory. Their gauge invariance and supersymmetric proper- 
ties have to be investigated. In Section |6| we extend the proof in |7j which shows that 
the phase-dependence of HMV planar tree- and loop-diagrams can be computed from 
an effective tree-level vertex, determined only by external fields. We conclude that 
the proof also holds for our present theories. In the final section we compute the one- 
loop finiteness conditions for conformal marginal deformed Af = 4 supersymmetric 
theories with both (3- and 7;-deformation. 

2. Conformal deformations of Af = 4 SYM 

The most general renormalizable Af = 1 supersymmetric action which is invariant 

2 To distinguish from the /3-deformed superpotential we use the word "general" when cubic terms 
of the form Tr $^ are present in the Leigh-Strassler deformed theory. 
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under a gauge group G, can be written as, excluding gauge-fixing and ghost terms, 3 
1 



S 



16T(A)g 2 



d*xd 2 9TrW a W a + J d 4 xd 2 6d 2 9<5>\ {e 2aV ) A B ^ B + J d 4 xd 2 6W +h.c. 

(2.1) 

The chiral superfield $a and its conjugate transform under irreducible representa- 
tions R of G. The index A runs over irreducible representations Ri and the compo- 
nent of each irreducible representation is labeled by /, such that A = {i, 1} The 
vector superfield V A B = V a (T a ) A B contains the generators T a , a = 1, . . . ,dimG, of 
the gauge group G defined by (T a ) A B = (T"')^. The first term in ( |2.1| ) is related to 
the gauge theory kinematic Lagrangian containing the gauge field A^ and a Majorana 
spinor, which we call A4. W is the superpotential and is given by 



w = C ABC § A § B § C 



(2.2) 



where Cabc is totally symmetric in A, B and C or equivalent totally symmetric in 
the pairs {i, I}, {j, J} and {k, K}. In the following we will restrict ourselves to 

C ABC = C\% = a l H IJK + ti*d UK , (2.3) 

where a ljfc and bux are totally anti-symmetric and h l ^ h and djjx are totally sym- 
metric. 

The supercurrent J a a of the theory has the anomaly |TI| []J 



D a J 



^w^Wp + (d s - 3) + 1 i j ('i-,/; ,//'«i> ? 



;2.4) 



where 7^ is the anomalous dimension for The anomaly 
theory. At one-loop we have 



is zero in a conformal 



and 



16tt 2 



3 {1) 



Y,T{Ri) -3C 2 (G) + Y J T{R l )l {l)l J 



h 



ijk 



(l)i 



'•J 



;2.5) 



;2.6) 



The number counts the number of chiral fields in each term of the superpotential 

(2.7) 



with the sum d s = ^2i r i- The anomalous dimension is [D 



(i)i 
1 3 



3 We use the conventions of || such that the generators of the gauge group satisfy [T^,Tj 



if c Tr f° r the representation R. The adjoint representation A is given by the structure constants 



such that adTg = {T%)° c = -if ab c , normalized as Tr T%T b 



-T(A)8 



ab 



- 3 - 



Vanishing of the one-loop anomalous dimension also implies UV finiteness of M = 1 
SYM at two-loop level Jll] . 



M = 4 supersymmetric Yang-Mills in the M = 1 superfield formulation contains 
three chiral superfields in the adjoint representation of the SU (N) gauge group and 
is obtained by taking i = 1,2,3 and I = a — 1, . . . ,N 2 — 1. Thus, if we define 
$i = $^T a the structure constants are Euk = fabc, which can be expressed f a bc = 
—iT{R)~ lr £rT a [T b ,T c ]. The symmetric part d a b c vanishes for a real representation. 
The JV = 4 SYM superpotential becomes 

W^ =4 = -^^Tr $ * [$„ $ fc ] • (2.8) 

In the Wess-Zumino gauge, the M = 4 supersymmetric Lagrangian can be written 
in terms of M = 1 component fields as 



C = Tr ( ^F"" - zAl^D^ - iAj^Ai - V^\V 



T(A) 
2T(A) S 



01, Ai 



+ Al Aj 



2g' 



T{A? 



T(A) 



Aj, 4>k 



[2.9) 



Conformal invariance of Af = 4 SYM follows from Q where 7 (1)i j = since 



C}% L = gT(R)e l]k f abc . This also implies that p£). = (3, 



ijk 



0. 



As we will see, marginal deformations of M = 4 SYM which preserve the finite- 
ness condition at one-loop can be obtained by replacing the ordinary multiplication 
between all fields by an operator called star product. The general form of coupling 
constants ( |2.3| ) which contains the anti-symmetric part a 1 - 7 and the symmetric part 
h l i k can be written on the form 



W = a ljk Tr $ fc ] + ^' fc Tr $ 4 $ fc } 



(2.10) 



By choosing the non-zero couplings as a l i k = e lJ ' A/6, /i 123 = A(l — g)/6(l + g) and 
h m = h'/2 we obtain the general Leigh- Strassler deformation JI], [12]], also known as 
the full Leigh-Strassler deformation ||13||, 



W = h (Tr $i$ 2 $3 - gTr $i$ 3 $ 2 ) + ti (Tr $ 3 + Tr $ 3 + Tr $ 3 ) . 



(2.11^ 



where h = 2A/ (1 + q). 

In the next section we will compute the couplings h, q and h' in a star product 
deformed theory. In section [7] we will evaluate the conditions for the supercurrent in 
to remain anomaly-free. 
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3. Deformations from star product 



Introducing the star product has shown to be beneficial in the study of marginal 
deformations of M = 4 SYM 0, 0. In general, it is not easy to compute the 
star product of two chiral superfields. To simplify the computation we will in this 
section solve an eigenvalue system. We continue to define the star product for three 
deformation parameters. This allows us to compute the superpotential for both /3- 
and 7i-deformed theories. 

3.1 Eigenvalue system 

The key idea for this work is to make use of the permutation symmetries of the 
superpotential to study marginal deformations of N = 4 SYM, by introducing a 
generalized multiplication operator between all fields, which we call "star product" . 
When the symmetries permute a set of fields in the original so called $-system, it 
is hard to compute the star product directly. Instead, we rotate the system by an 
SU(3) transformation into the so called \l/-system in which the symmetries act with 
diagonal elements. In the \l/-system, the star product can easily be computed. 

Let us begin by choosing two symmetries of the superpotential which we denote 
5*i and S*2. In the diagonal \l/-system, the symmetries act as U{\) x U{\) transfor- 
mations on the vector ^ = (^i, \I/2, ^3) of chiral superfields accordingly 

Si-. * — > Qi*, (3.1) 

where 

no \ /e^ 2 0' 

Qi= e-^ 1 and Q 2 = I e"^ 2 | . (3.2) 

\0 e^ 1 / \ 1 



At this stage, (pi and ip2 are arbitrary parameters. The superpotential (|2.10|) and also 



the Lagrangian ( |2.9| ) are invariant under an SU(3) transformation. We introduce the 
vector $ = ($!, $2; $3) of chiral superfields such that 

* = T$, TeSU(3). (3.3) 

We now demand that the symmetries Si and 5* 2 act as permutations of the $j's: 

S t : $ — > V&, (3.4) 

with 

/0a 2 0\ /00 6 3 \ 

Vi = a 3 and V 2 = \ h , (3.5) 

\ai00/ V 6 2 / 

where the parameters a, and hi will be determined below. The relation between V% 
and Qi is 

V i = T- 1 Q i T. (3.6) 
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For the permutation matrices to be elements of SU(3), their elements have to satisfy 
i) aia2«3 = 1 and = 1 and ii) \a{\ 2 = 1 and \bi\ 2 = 1. It then follows that 

Vf = 1 which is equivalent to Qf = 1. Thus, the relation ( |3.6| ) breaks the U(l)x U(l) 
symmetry to Z 3 x Z 3 with e' lipi = e llf2 = e l2lT ^. For simplicity we define a = e %2lT ^ 
with inverse a. The relation 1 + a + a = will be used repeatedly. As a result, the 
symmetries Si and S2 act on the \l/j's as 

Si: (*i,* 2 ,*3) — > (*i,a*2,a!*3) 

S 2 : (*i,*2,* 3 ) — > (a*i,a* 2 ,* 3 ) • (3-7) 



These relations will be used when we compute the star product in section |373 . 
The most general solution to ( |3.6|) is 

&ibi did^ti ti \ 

otait2 craiG^i^ ti , (3-8) 
ceciit^ aaid2t3 t 3 / 

where Oj are the parameters of Vi and 6j = a/a i+ i in V%. The parameters t 1 , t 2 and 
£ 3 have to satisfy i) 3£i£ 2 £ 3 a 2 a 2 (a: — a) = 1 and ii) \ti\ 2 = 1/3 for T G SU(3). These 
requirements are fulfilled for (including the conditions for Vi E SU(3), see below 

m) 

ai = e Wl , a 2 = e i02 = e -^ ei+0 ^ , a 3 = e ids , 

gipl e «P2 ^1(63-61- pi- pz) e ip 3 (3.9) 

tl = 7s' t2 = 7s = 7s ' ts = 7T 



The transfer matrix becomes 

(gi(0l+pi) g-»(^3-pi) gipi 

aie i(tfs-Pi-ps) m e - ,(9l+Pl+ ' ,3) j e *(*3-*i-w-«i) | . ( 3 . 10 ) 
^gi(6»i+P3) a g-!(«3-P3) g«P3 

If we denote the part of the elements in ( ft.lOQ by £y which are dependent of the 
phases 6^ and p i: then we can write 

3 

* f = ^ a (*+ 2 %. $ j = J] a( J+2 ^e ift JJ . (3.11) 

This compact form will be useful in the coming sections. The permutation matrices 
( |3.5|) are 

/ e -m+4*) \ / e~ m \ 

Vi = I e ie3 and P 2 = a I e l ^ +e ^ . (3.12) 

\e iei 0/ \ e^ 3 / 

The transfer matrix ( 3.1 0|) contains four independent parameters. Two of parameters, 
61 and 6 3 , are inherited from the permutation symmetry in ( |3.12| ). The remaining 
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two parameters, pi and p%, are coming from the original M = 4 SYM SU(4) R- 
symmetry. It is interesting to note that there does not exist a matrix T which takes 
Qi to Vi (see (|3.6|)) for continuous parameters. As we will see in the next section, 
the surviving discrete Z 3 x Z 3 symmetry will let us define the star product, which is 
especially simple to compute in the \l/-system. Transforming to the $-system induces 
extra cubic terms, of the form Tr $f , to the superpotential which correspond to terms 
in the general Leigh-Strassler deformed theory. 

3.2 Definition of star product 

We define the star product between two fields and as, in analogy to 0], 



(3.13) 



where ■ \fTj is an ordinary product and the determinant is defined as 



det Qi 



Ql Qi 




iiQ\ liQl 


Q) Q) 




liQ] i 3 Q) 



7i7j det Qij . 



(3.14) 



(QliQl) are the Si x S2 charges of the fields for the symmetries Si and S2 of the 
corresponding superpotential. It will be convenient to rewrite the three deformation 
parameters 71, 72 and 73 as 



l2( l+ j) = Jijj, 



2(i + j) mod 3 



(3.15) 



so that 71 = 7273, 72 = 7371 and 73 = 7172- Note that the deformation parame- 
ters 7i7j also exist. Since they always occur in the combination 7i7jdetQjj where 
det Qa = 0, the deformations 74% do not have to be accounted for in calculations. 

A deformed multiplication law, such as (|3.13| ), is usually denoted * and called 
"star product" . Non-commutative field theories are often obtained by replacing the 
ordinary point-wise product of fields by the Moyal star product, which is defined by 
a bidifferential operator over some manifold. In the present context, the star product 
may be viewed as generalized couplings between fields. This is a convenient way to 
study marginal deformations of supersymmetric M = 4 theories.' 

In order to prove that the star product is associative we have to assume that the 
elementary fields are defined by (|3.13|) and (|3.14|) with arbitrary parameters 7« and 
that a composite field of n elementary fields is characterized by the additive property 
(Qli...n, Ql...n) where 



Q]t, Q) 1 ■ Q'r Qlr ■ (3.ie) 

We can now compute the triple star product 
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The computation of the star product in ( ft. 17 ) is associative. The proof is given in 



appendix [A[ To keep the permutation symmetry of the trace operator also in a star 
product defined theory we use the short-hand notation 

Tr * tyj = - (Tr ^ * ^ + Tr ^ * 

= I e 72(i+i) detQ ljTr ^ . ^ + _ e - 7 2(i+i) detQ yTr . ^. _ (3^) 

In other words, we must symmetrize the trace explicitly before replacing the ordinary 
multiplication with the star product. The trace for the triple star product is 

Tr \& * \& • * \|>, = i. e *(7fc detQij+jidetQ jh +'yj det Q ik ) 

% j 3 

x |^ e 2i 7i det Q k j _|_ ^i'jjdetQik _|_ g 2i7 fc det Q^j rjy \J> ^. \J> fc (3 19) 

When all deformations parameters are equal we obtain the so-called /3-deformed 
theory with (3 = 7j. If not, we have the three-parameter 7j-deformed theory. In 
section £| we will compute the star product of two /3-deformed chiral superfields 

in the $-system. The general results for the 7j-deformed theory are presented in 
appendix [B|. 

3.3 Superpotential in the one-parameter deformed theory 

The /9-deformed theory is obtained by setting all y^s equal in ( ft.l9| ). We use the 
notation /3 = From ( ft.7|) we find that the superfields in the superpotential 
have charges 





(Qf,Qf) = 


(0,1) 


^2 : 


{Q2 1 1 Q2 2 ) = 


(-1,-1 


^3 : 


{Q3 1 ' Q3 2 ) = 


(1,0). 



(3.20) 



In the ^/-system it is easy to evaluate the star product. From ( ft,19[ ) and ( |3.20| ) we 
find 

W = Tr#i*# 2 *# 3 -Tr *!** 3 ** 2 = e i/3 Tr tf x ■ ^ 2 ■ ^3 -e~ i(3 Tr ^1 ■ tf 3 - ^ 2 • (3.21) 

Since the superpotential transforms as the determinant of the SU(3) T-matrix in 
( |3.10| ), we have 

W = Tr ★ [* 2 * * 3 ] = Tr $x * [$ 2 * $ 3 ] . (3.22) 
If we use the relation (|3.11|) between \1/ and $ we find 

V&jVk = « (i+2) ' +0+2)m+{fc+2)n ^^mt fc n<l»/$ m $n • (3.23) 

I, m, n 
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Performing the trace gives 
TrViVjVk = ~J2 a l+m+n (a il+jm+kn + 



ak l + im +j n + a jl + km + inj ^ fyQ^ 



I, m, n 



(3.24) 



To relate to the superpotential we compute 

Tr *!* 2 * 3 = \ <* n ~ l (1 + «' +m+n + « i+m+ ") hlhmhn^ $l$m®n , (3.25) 



L m, n 



which is zero unless I + m + n = mod 3. This implies that the only possible terms 



arc 



Tr*i* 2 *3 = — f= [aTr $i$ 2 $3 + aTr $i$ 3 $2 
v3 



In a similar way, we can compute the remaining part of the superpotential ( |3.21 



The superpotential is invariant under 577(3) so that the phases 9i can be transformed 
away by the field redefinition 



0/3$. 



(3.27) 



Using (P^I|) , ( ggg ), ( ggg ) and ( gg7[ ) gives the /^-deformed superpotential 



-2 



Tr $! * [$ 2 * $ 3 ] = -= 



27T 27T 

sin(/3 - — )Tr $!$ 2 ^3 + sin(/3 + — )Tr $!$ 3 $ 2 



+ sin /? (Tr + Tr ^ + Tr 



3.4 Superpotential in the three-parameter deformed theory 



(3.28) 



In this section we let the three deformation parameters be arbitrary. In a similar 
way as in the previous section we compute 

Tr *x * # 2 * # 3 = \Y. ( eiXak ~ l + e ' V ~* + e * W ~') ^MTr $ fe , (3.29) 



and 



Tr *!**3**2 = ^ ( e ^« fe " + e^o 3 '"* + e^c^') t u t 3j t 2k Tr $ fc , (3.30) 



where we have introduced 



s = 72 + 73 - 7i > = 73 + 7i - 72 and z = 71 + 72 - 73 . (3.31) 
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Using ( |3.22|) then gives the superpotential 



W = Tr $! * [$ 2 * $ 3 ] = j P ^k(x, V, z)tiit 2j t3 k Tr $ fe , (3.32) 

where 

Pi,j,k(x, y, z) = sin (x + (fc — i)u) + sin (y + (J — k)u) + sin (z + (i — j)u) . (3.33) 

with u = 2tt/3. Explicitly the terms are 

P itiji (x,y,z) = sin (x) + sin (y) + sin (z) , 
Pi,i+i,i+2(x,y, z) = sin (x-u) + sin (y - u) + sin (z - u) , 
-Pi, i+2, i+i (x, y,z) = sin (x + u) + sin (y + u) + sin (z + u) . (3.34) 

The indices are modulus three. All other terms vanish for any value of x, y and z, 
due to the cyclic property of the trace operator. The P-functions 4 satisfy the identity 

P i>i;i (x,y,z) + P iii+lti+2 {x,y,z) + P i;i+2ii+ i{x,y,z) = 0. (3.35) 

Finally, after using the field redefinition ( |3.27| ), the 7;-deformed superpotential be- 
comes 

_2 

Tr $! * [$ 2 * $3] = — [P lfi>3 (x, y, Z)TI $i$2$ 3 + Pl,3, 2 (x, y, z)Tl $!$ 3 $ 2 

+ (Tr^ + Tr^ + Tr^)]. (3.36) 

The superpotential (|3.36|) is of the form of the general Leigh-Strassler deformation 
fl2.1ip which can be seen by defining 

t ^T-> / \ Pl,3,2{X,y,Z) , — 2 „ , x /„ Q7 x 

ft = —f=Pi,2${x, y,z) , g = -— ? r , h = —=P lX x(x, y, z) . (3.37) 

V3 ^1,2,3^) y-, z) V3 

4. Star product of composite chiral superfields 

It is straightforward to compute the star product of two chiral superfields in the 
$-system. These relations are useful when evaluating Feynman diagrams. To begin, 
we recall ( |3.11| ) with inverse 

$ 4 = * j = a^e-^^ * j . (4.1) 

3 3 



4 



These functions are not arbitrary named, since the level-set surfaces (3.34) belongs to the class 



of triply periodic minimal surfaces and are known in the literature as Schwartz's P-surfaces. 
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which gives the star product 

$•*$■ = 1 a (k+2)(m-i)+(l+2)(n-j) i~f 2 (k+l) detQ kl »(E^ ^+Efi «ft"E? %~E| «j) ^ 



k,l,rn,n 



9 ^ v 

Xe »(EA 6, »f'+Eft^R-El^-Ej%) ^ 



(4.2) 



In appendix [B] we present the explicit expressions for the star product in the 7,- 
deformed case. In the /9-deformed case the expression ( |4.2[ ) is considerable simplified. 
All terms are zero unless i+j — m — n = mod 3 which gives the expressions 



(1 + 2cos/3) + (l + 2cos(/3 - y)J e^ 1 "*- 3 



2tt, 



+ ( 1 + 2cos(/3 + ^) ) ' ; :i >- " <!.,.,<!.;., 



M +2 COS i) , ( l + 2C0S(/3-y) ) 



2tt. 

y 



1 + 2cos(/3 + ^) ) ( ' "' :i >-:- : " '«!.,. 



2tt, 



:i + 2cos/?) (^l + 2cos(/3+y) ) 

2tt, 



+ ( 1 + 2cos(/3 - ^) ) e -^^-3Er^ j+2 $ j+2 



(4.3) 



5. Tree-level amplitudes from star product 

To begin, we replace the ordinary multiplication between all component fields in 
the Lagrangian (|2.9|) by the star product. From ( |3.20|) we find that the component 
fields have the charges 



01, Ai : 




= (0,1) 


02, A 2 : 


{Q2 1 1 Q2 2 ) 


= (-1,-1 


03, A 3 : 


(q!\q! 2 ) 


= (1,0) 


A",A 4 : 


(Q4 1 , Q4 2 ) 


= (0,0) . 



The part 
&nv = — Tr I ( A4 



01, A, 



+ A 4 



Al,0i 



+ 



2T(A)< 



(5.1) 



(5.2) 



of the Lagrangian (|2.9|) is unchanged when replacing the normal multiplication with 
the star product. The reasons are that the gluino A4 and its conjugate from the 
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vector multiplet are neutral and that the combinations \\4>i and 4>\4>ii with sum over 
i, are phase-independent. 



The terms in the Lagrangian ( |2.9| ) that are not invariant under the star product 



arc 



T{A) 



+ 



2g 



T(A) 



(5.3) 

Since the Lagrangian ( |2.9| ), and naturally (|5.3| ), is invariant under the transformation 
Q3.10D we are free to express our fields in the -^-system. From a generalization of the 
triple star product ( |3.17| ) it is easy to evaluate the star product ( |3.13| ) to express 



EH" 



k,l,i,j 



2 ^(71,72,73) H e^ +e ^-^Tr, 



i,j,k,l 



k,l,i,j 



where we have defined 



Q 



ijkl 



2 cos ( 27- 



27rn 



Jm+2- 



1 + cos27 m+2 ) cos 



2nn2 



a 



(m+l)n3 



(5.4) 
(5.5) 



3 J y 3 

m '- 

with 

Tlx = i — j — k + I, n 2 = i — j + k — I and n 3 = —i — j + k + l. (5.6) 
We can see from (6.41) and (15.51) that interaction terms A - ' ■■ •' ■ 



>k<Pi 



are allowed for any 

combination of the indices, in the 7j-deformed theory. That is, we may have terms 
with two, three or four indices of the same value. However, in the /3-deformed theory, 
all terms are proportional to the factor 1 + a t+ ^~ h ~ l + a %+ i~ k ~ l which is zero unless 
i + j — k — I = mod 3. As a consequence, terms with three indices of the same 
value vanish. In the non-deformed theory, terms with three or four indices of the same 
value vanish since the interaction is a product of two commutators. Interaction terms 
with three indices identical are in general not considered in the context of marginal 
deformations of Af = 4 SYM. Properties of gauge invariance and supersymmetry 
have to be investigated. 



The four-scalar interaction ( |5.4| ) of the F-term can be obtained from 



Ci 



dm 



em 



(5.7) 



Replacing the star product between the derivatives by an ordinary multiplication, 
might at first thought give rise to a new theory without terms with three indices of 
the same value. However, calculations shows that the new couplings are 



Qtl = 2 [ cos ( 2 7 m +2 - 2vrn 1 /3) - cos(2t™ 2 /3)] a^ m+1 ^ 



(5.f 
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which still contain terms with three identical indices. In obtaining (p.8|) , the trace is 
not symmetrized since there is an ambiguity how to perform the symmetrization. It 
might be possible to overcome this ambiguity by evaluating the star product before 
defining & = Q l a T a from which it follows that the structure constants f abc are related 
to the trace operator. This would make fl5.8| ) a valid relation. In the present context, 
the general rule is that all multiplication of fields should be replaced by the star 
product, as in (|5.7|). 

In deriving ( |5.5|) , and also (|5.8|) , we have assumed the deformation parameters 
7i to be real. To introduce complex variables we can go back to the definition 
72(i+j) = ICiji see ( |3.15|) , with 7^ = 7^ + i^f where 7^ and 7? are real. This leaves 
us with the deformations 



7*7+i = 7f 7&1 - 
lili+i = 7? 7m + 



+ i (7?7&i + li Th-i) = 7fe + H?+2 
1? + * (7f l?+x ~ 7? f+i) = 7^ + 2 + ^2 



7?7S-i 



(5.9) 



in addition to their complex conjugate. In ( |5.9| ) there is no obvious way how to 
separate the real and imaginary part from our original definition of % without in- 
troducing extra deformations, corresponding to 7*7+1 . This complicates the study 
of the real and complex part of the theory, but might at the same time open up 
for other interesting possibilities to consider. For complex deformations we find the 
couplings to be 



Q ijH = E [ cos ^ 



R- 

m+2 



uri\ 



) cosh 27^ +2 + cos (27 4 J 



AM 



) cosh 27^ 



c+ 
2 



cosh (27 m ^ 2 — iun?) — cos 27^ +2 cos un2\ 



a 



(m+l)n 3 



(5.10) 



where we have used u = 2n/3. If we let 7^+2 = 7m+2 i n ( EH) an d (|5.1Q) , we obtain 



the real 7j-deformed theory with couplings (|5.5|) , as expected. 

To compute the star product of the first term in ( |5.3| ), we can make use of the 
transformation fl3.10| ) and the field redefinition ( ^.27[ ) for the component fields <pi 
and A,. We find 



2i / 

e lJ Tr Xi -k [Xj * <p k ] = y [Pi,i+i,i+2{x, y, z)Tt [AiA m <^+2 - Ai0 m A i+2 ] (5.11) 
+ Pi,i+2,i+i(x, y, z)Ty [XiX i+2 4>i + i - Aj0 i+2 Ai+i] 
+ Pi,i,i(x, y, z) (TrAi [Ai, + TrA 2 [A 2 , <f) 2 ] + TrA 3 [A 3 , fa]) 



where we have used the same notation and definitions as in the equations (|3.31|) and 
( |3.34|) . The conjugate term can be computed in a similar way and equals 



e ijk Tr A! * 



A] 1 4 



2i 
~3 



Pi,i+2,i+i(x* , y*, z*)Tr X\x\ +l 4>\ +2 - X\(j)\ +l X\ + 2 



+ Pi,i+i,i+2(x*,y*,z*)Ti: 
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+ P ltl ,i{x*,y*,z*) (TtX\ + TtAJ [x\,4 



+ TrA 



A, 4 



(5.12) 



where again the fields have been redefined 

6. Phase dependence of amplitudes from star product 

To compute n-point loop, or just even tree-level, amplitudes is a tedious work. 
Organizing the Feynman diagrams by decomposed momentum and helicity, instead 
of momentum and polarized spin, has shown to dramatically reduce their complexity. 
These MHV diagrams share an iterative structure for computing higher loops [§]. 
Evaluating HMV amplitudes in a star product deformed theory shows the strength 
of the procedure. 

In [0 it was shown in a /3-deformed theory not containing terms <^>t 2 <^>? that an 
arbitrary HMV planar tree or loop amplitude has a /3-deformed phase factor which 
can be read off from a single effective vertex. This vertex is only dependent on the 
external fields and not on the internal structure. In this section we will show that the 
results found in |7|] also hold for our present (3- and 7j-deformed theories. In doing 
so, we will briefly extend the proof in 0. 

The statement is that the deformation dependence for a general n-point HMV 
planar, tree or loop, amplitude A n (Fi, . . . , F n ) is entirely determined by the config- 
uration of the external fields F±, . . . , F n , so that 

A n (F u ...,F n ) : Tt(F 1 *F 1 ...*F n ) = [phase( 7 )] Tr (F^ . . . F n ) . (6.1) 

Let us start by considering a general HMV planar tree amplitude. Since an HMV 
diagram consists of fused vertices of opposite helicity, each propagator is proportional 
to Fj * Fj, with sum over J, which is phase independent due to opposite charges. 
This means that the internal structure is phase independent. A result which is true 
for both the f3- and the 7j-deformed theory. Thus, the phase dependence of the 
amplitude lies entirely in the external fields. 

The argument is the same for planar loop amplitudes. Per definition, a pla- 
nar diagram has no intersecting lines. Each internal line, between two vertices, is 
proportional to Fj * Fi, with sum over J, which again is independent of the phase. 
Hence the phase dependence of a planar diagram can be computed from an effective 
tree-level vertex as in (|6.1| ), determined only by external fields. 

In the ^-system, all planar amplitudes in both the (3- and 7j-deformed theories 
are proportional to their M = 4 counterparts. Since M = 4 SYM is a finite theory, our 
derived (3- and 7j-deformed theories should also share the same property of conformal 
invariance. Since the -^-system is equivalent to the 0-system, through an SU(3) 
transformation, we can conclude that the Leigh- Strassler deformation obtained from 
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the star product, including diagrams with three indices of the same value, for the 
specific coupling constants (|3.34j) and ( |5.5|) , are conformal in the planar limit. In 
the next section we will compute the one-loop finiteness condition. The iterative 
structure of planar MHV amplitudes in Af = 4 SYM, studied in 0, should also 
hold for our deformed theories since the phase dependence can be isolated for each 
amplitude. 



7. One-loop finiteness condition 

The one-loop finiteness condition is equivalent to the vanishing of the anomalous 
dimension ( |2.7[ ) that was discussed in Section ^. If we compare ( |2.3| ) with the super- 
potential (|3.32| ) we find that 



cf c = \Pij,kfa y> *) Ws* (f abc + d abc ) . 



(7.1) 



The antisymmetric property of f abc then gives 



^acd^jkl 



-r> 1 2 racd f 

r i,i+2,i+l\ J Jbcd 



:,i+l,i+2 



+ \Pi,i+l,i+2 + Pi,i+2,i+l\ d^dbcd + \Pi, 



|2 d acd dbcd] 



(7.2) 



Using f acd f bcd = 2N and d acd d 



in 



bcd = 2N — 8/N and explicitly write the P - functions 
we find the one-loop finiteness condition to be 

2 r 



3 h 



i 1 2 i 1 2 

3 |cosx + cosy + cosz| + 2 |sinx + siny + sin,2| 



1 - 



N 2 



This simplifies to 



si 



27 \hf 



: J ,|c^3| 2 + 2|sin/?| 2 (l - 



(7.3) 



(7.4) 



in the /3-deformed theory. The /3-deformed theory studied in [0] showed that a 
complex deformation of the form j3 = f3n + if3c gives the one-loop finiteness condition 
g 2 oc \h\ 2 cosh 2@c in the large-N limit. Feynman supergraph calculations showed that 
this planar equivalence with the M = 4 SYM theory holds up to four loops. 
In the present /3-deformed theory 5 , we instead get the planar equivalence 



gpoc |/ig| 2 (2cosh2/? C ; + sinh 2 (5 C + cos 2 13 r) 



(7.5) 



which is dependent on the parameter (3r. It would be interesting to understand the 
underlying reason for this dependence in a supergraph formalism. 



5 Note that here we only have (3 = (3(3 and (3* — (3* (3*. When computing the one-loop conditions, 
terms as (3(3* are not present, so it is possible to define j3 = (3r + i(3c where (3r — (3 R ~ and 
(3c — (3 C+ , with notation as in (p7 
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8. Summary and discussion 



We have shown that it is possible to obtain the general Leigh- Strassler deformation, 
including terms of the form Tr $|, from the definition (|3.13|) of the star product. The 
superpotential has been computed for the /3-deformed theory in ( |3.28|) and for the 
7;-deformed theory in fl3.36|) . The analysis was based on two equivalent systems of 
chiral superfields which we have called the and the $-system, related by an SU(3) 
transformation. The latter system corresponds to charges in an off-diagonal matrix 
obtained from an SU(3) transformation of the diagonal Z3 x Z3-symmetry charges. 
In the diagonal \l/-system the star product is easily evaluated. 

When we computed the tree-level amplitudes corresponding to terms in the clas- 
sical Lagrangian we found the expected Leigh-Strassler deformed terms for a (3- 
deformed theory. However, in the 7j-deformed case, the four-scalar interaction of 
the F-term contained terms of the form Tr (j)\(j)^(f)k4>i for any value of the indices. 
Terms with three equal indices vanish in the /3-deformed theory, but are present in 
the 7j-deformed case. 

We have extended the proof in to also cover our present theories. We con- 
cluded that for an arbitrary HMV planar tree or loop amplitudes, the phase de- 
pendence of the deformation can be computed from an effective tree-level vertex 
determined only by external fields, and not the internal structure. In the -^-system 
(component fields) all planar amplitudes in our present theories are proportional to 
their M = 4 counterparts. Since M = 4 SYM is a finite theory our present theories 
should share the same properties. We also concluded that the iterative structure of 
MHV amplitudes in M = 4 SYM, found in |§, should also hold for our deformed 
theories. In section |7] we computed the one-loop finiteness condition. It would be 
interesting to find permutation matrices (|3.5| ) of a more general form to establish a 
relation between coupling constants and more general conditions for a finite theory. 

The supergravity dual to the real /3-deformed theory was generated in 0, by a 
combination of T-dualites and a shift (called TsT-transformation) on the isometries 
of the five-sphere part of Ad S5 x S 5 . The complex part of j3 followed from a non- 



trivial S-duality transformation. In [14] for bosons and including fermions in [15], it 



was shown that three consecutive TsT-transformations generate a three-parameter 
deformation of AdS$ x S 5 . The dual field theory corresponds to a non-supersymmetric 
three-parameter marginal deformation of M = 4 SYM. It would be interesting to 
understand if the three-parameter supergravity background can be obtained in a 
similar way, by consecutive TsT-transformations, for our present theories. 

A Lax representation, which implies integrability of strings moving in the Lunin- 



Maldacena background ||, was also found in [14]. In |lq] and fun, it was concluded 



that the integrability is lost in the planar limit, for complex /5-deformed theories. 
More general Leigh-Strassler deformed theories, containing Tr where consider in 
to study integrability. It would also be interesting to understand if the present 
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results can be translated to a one-loop dilation operator to win insight in the inte- 
grability of marginal deformed M = 4 SYM. 
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A. Associativity of the star product 

In this appendix we will show that 

(* i ** J -)*** = *i*(*i**fc) > (A- 1 ) 



which is to say that the star product ( |3.13| ) is associative. 

We begin to use the definition Q3.16 ) for a composite field of two fields 



Qlj = Ql + Q) > and Q?- = g? + Q3, 

so that • tyj is characterized by (Q}j,Q^). The triple star product becomes 



(A.2) 



* (Wj * * fc ) = e idctQ ' k ^i * • * fc ) = e ^ d6t ^* +dot<3 w*)* i • *j • , (A.3) 

where 



det Q 4 -- A = 



9* 9) 

Qjk Qjk 



j + <5j 2 + Ql 



= Q] [Q] + Qi) - Ql (Q) + Ql) = Q\Q) - Q\Q) + Q\Q\ - Q\Q\ 
= det Qij + det Q ik . 
Thus, we have 

To prove associativity we also have to compute 

Oi * * ^fc = e idet ^ • * ^fc = e '(detQ ifc +detQy, fc )^. . . ^ ? ( A ^ 

where 



(A.4) 
(A.5) 



det Q ijtk = 
This means that 



Qh 


Ql 




Ql 


Ql 





Q] + Q) Qi + Q] 

k 



Ql Ql 



det Q ik + det Q jk . (A. 7) 



Comparing ( |A.5| ) and ( |A.8| ) proves the associativity ( A.l ) of the star product. 



(A. 
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B. Star product in 7j-deformed theory 



In this appendix we present the results of star product evaluation of two chiral 
superfields. We us the same notation as in section [|[ In the 7 j-deformed case we find 



a 



(*-i)(»-i) 



(1 + 2cos 7fc ) JJe- 2 *^-^^-^ + a^-^-i+V (B.l) 



x Yl e -< 26 ^ ((I + 2 cos( 7fc - + (1 + 2 cos( 7fc + 



a 



(fc-i)(i-j-i) 



(1 + 2 cos( 7fe + u)) J] <''"'<••' ' J "-«IyI>; (B.2) 



hi 

+a (k-W-j) JJ e i(0- i+2 -0- j+2 ) ^ + 2cos 7fc )$ i $ i+ i + (1 + 2cos( 7fe - 



'■J 



a 



+ 2cos( 7fe - w)) JJe^a- 2 ^)^.^. (B.3) 



+a (*-i)(*-i) JJ e ^ +2 -% +2 ) ((i + 2cos( 7fc + + (1 + 2cos 7fc )$, +1 $ J 



'•j 



For products involving conjugate superfields we find 

^ * ^ = I £ ( 3 + 2 cos - y (* - ^')) ) 

+2a fe - 1 cos ( 7fe -y(z-i + l))n 



2vr 



+ 2 at*" 1 cos ( 7fc -y(^-J + l))n 



e " '<I- ; .,<I» / 



, (B.4) 



2a fc - 1 cos( 7fc -y(i-i-l))^$] 



+ 3 + 2 cos 7fc 



+2a fe ^os ( 7fe - — (v 



2tt 



2tt 



^-j)))n e ^^ +i)$ ^] + i 

./))ri' '" "• i <I',:<I 7 



(B.5) 



2a k 1 cos ( 7fe - ^-(i - j - 1) ) 



2tt 



+2^ cos ( 7fe - y(< -i)) n^^-')^]., 



+ 3 + 2 cos 7^ 



5 E f ( 3 + 2 cos (t* + y (* - J'))) $ K 

+2a*- 1 cos ( 7fc + y(* - j + 1)) II' " 'I>;-I>, 

j 

+2a fc - 1 cos ( 7fe + y(* - j + 1)) 11'"" " '<!>;. ; <I> 



, (B.6) 



(B.7) 



*J * = ^ ri e * ( " +i) E f 2 ^ 1 cos U + f(* - j - !)) ' "' i<i, ; <i> , 

+ (^3 + 2 COS ( 7fe + y(i - J'))) II' "' " ( lyl>,.: 

+2a fe - x cos ( 7fc + y (i - J')) II e^-^+i)^^- 



(B.8) 



2c/- 1 cos ( 7fc + y (i - j - 1) ) e* 1 ^. 



^n^ (M+i) E 

+20*" 1 COS ( 7fe + y (i - J)) II < ° : <I>>I> / .| 

i 

+ (3 + 2 cos ( 7fe + y (< - j))) " : •I> ; ,:'I> ; 



(B.9) 
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